Introduction
In this paper we first prove that a holomorphic vector bundle π : E → M of rank r on a compact complex manifold M , if and only if it admits a strongly pseudoconvex complex Finsler metric with positive Kobayashi curvature, which was first conjectured by Kobayashi in 1975 [17, Section 5, Page 162] . Such metric is very useful in proving various results for ample vector bundles in algebraic geometry which could only be proved previously by using Hermitian metrics with Griffiths positive curvatures. We will give several applications of this metric which include:
(1) If E is ample, consider a section s ∈ H 0 (M, O M (E)) and the zero locus S = s −1 (0) of s, then π i (M, S) = 0 for i ≤ n − r. In particular, the map induced by the inclusion map j ֒→ M ,
is isomorphic for i < n − r and surjective for i = n − r. This is the long-standing Lefschetz type theorem for general ample vector bundles which had been proved before in various special cases. We prove this theorem by solving a problem of S. Matsumura [22, Problem 1.2] . (2) If i : S ֒→ E o := E \ {0} is a k-dimensional local closed complex submanifold of E o , then there exists a strongly pseudoconvex complex Finsler metric G on E, such that for any critical point P ∈ S of i * G, the tangent bundle T P S contains a complex subspace W with dim(W ) ≥ k − r + 1, on which the Levi form √ −1∂∂i * G is negative definite. This solves an open problem posed by W. Fulton [12, Page 28] concerning extensions of various connectivity theorems for ample bundles. (3) If X is a projective n-dimensional manifold and Y ⊂ X is a complex submanifold of codimension q with ample normal bundle N Y , then X \ Y has a smooth exhaustion function whose Levi form has signature (n − q + 1, q − 1) on a neighborhood of Y . In particular, X \ Y is q-convex in the sense of Andreotti-Grauert. This confirms a long-standing conjecture of Hartshorne and Schneider (see [16, 28] and also [8, Conjecture 4.1] ). Now we go to detailed discussions of our methods and results. Let π : E → M be a holomorphic vector bundle over compact complex manifold M . In this paper, we always assume that rankE = r, dim M = n. It is well-known that E is ample in the sense of Hartshorne if and only if the hyperplane line bundle O P (E * ) (1) is a positive line bundle over P (E * ) = (E * \ {0})/C * (see [15, Proposition 3.2] ), i.e. O P (E * ) (1) admits a positive curvature metric. Understanding the relations between the algebraic positivity and the geometric positivity is an important problem. When E itself admits a Hermitian metric of Griffiths positive curvature (see e.g. [20, Definition 2.1]), then E is an ample vector bundle. In [13] , Griffiths conjectured that its converse also holds, namely there exists a Hermitian metric of Griffiths positive curvature on E if E is ample. If M is a curve, H. Umemura [30] and Campana-Flenner [6] gave an affirmative answer to this conjecture. For the general case, B. Berndtsson [3] proved that E ⊗ det E is Nakano positive, C. Mourougane and S. Takayama [21] proved that S k E ⊗ det E is Griffiths positive for any k > 0, and K. Liu, X. Sun and X. Yang [20, Corollary 4.6] proved S k E is Griffiths positive for large k and which in turn plays a key role in this paper.
In 1975, S. Kobayashi [17] obtained the following equivalent description on the ampleness in Finsler setting. The related notations will be introduced in Section 1 in this paper. More precisely, In this paper, we first solve this problem affirmatively and obtain Theorem 0.3 (=Theorem 2.8). Let π : E → M be a holomorphic vector bundle over the compact complex manifold M . Then E is ample if and only if it admits a strongly pseudoconvex complex Finsler metric with positive Kobayashi curvature.
It is easy to see that E admitting a Hermitian metric of Griffiths positive curvature is equivalent to the existence of a Griffiths negative Hermitian metric on the dual bundle E * . However, in the Finslerian case, it is very difficult to find such a simple duality as in the Hermitian situation. A natural and direct way suggested by S. Kobayashi [17, Section 5, page 162] is: for a given complex Finsler structure G in E, considering the complex Finsler structure G * on E * defined by
and trying to check that G has positive curvature if and only if G * has negative curvature. Apparently, this is very hard to be achieved due to the difficulty in finding more computable relationships between G and G * . On the other hand, we know that if the Finsler metric G is (fiberwise) strictly convex and has positive (resp. negative) curvature, then the dual metric G * has negative (resp. positive) curvature (see [8, Theorem 2.5] or [25] ). However, it is unknown whether the ampleness of E guarantees the existence of a convex strictly plurisubharmonic Finsler metric on E * . In the following we first briefly introduce our approach to the Kobayashi's problem and then discuss some interesting applications.
For a strongly pseudoconvex complex Finsler metric G on E (cf. Definition 1.1), we still denote by G the induced metric on the tautological line bundle O P (E) (−1). Then the (1, 1)-form √ −1∂∂ log G admits a decomposition (cf. [17, 10] , also Proposition 1.6):
where ω F S is a vertical (1, 1)-form and positive definite along each fiber of p : P (E) → M , and Ψ, the Kobayashi curvature of the Finsler metric G named in [10] , is a horizontal (1, 1)-form. The Finsler metric G is of positive (negative) Kobayashi curvature if Ψ > 0(< 0) along horizontal directions (cf. Definition 1.3).
Starting from the Liu-Sun-Yang's result that (S k E, h k ) is a Griffiths positive vector bundle for large k when E ample (cf. [20, Corollary 4.6] ) and the canonically induced metric G k on O P (S k E) (−1) by the Griffiths positive metric h k on S k E, we study the standard Veronese embedding
We prove that the metric (ι
k is a stronly pseudoconvex complex Finsler metric on E and the (1, 1)-form
k has signature (r − 1, n) (cf. (2.14)), and from which we conclude that the metric (ι * k G k ) 1 k is strongly pseudoconvex and has positive Kobayashi curvature by using our Proposition 1.8 proved in Section 1. Conversely, if E admits a strongly pseudoconvex complex Finsler metric with positive Kobayashi curvature, we prove that P (E * ) is projective (cf. Lemma 2.4). In order to prove E is ample or O P (E * ) (1) is positive, from our Lemma 2.5, it suffices to show for any holomorphic line bundle F on P (E * ), there exists a positive integer m 0 such that
Let p : P (E) → M and p 1 : P (E * ) → M denote the natural projections. Since the Picard group of P (E * ) has the following simple structure
there exist a line bundle F 1 on M and an integer a ∈ Z such that
. Now by the Serre duality and [2, Theorem 5.1], for any integer m ≥ −a, we get (cf. Proposition 2.7) for the proof of the following isomorphisms)
. As pointed by Demailly [8, Section 5.9, Page 247], for any locally free sheaf F, it holds that [29] proved this result in a direct geometric way. How to prove these two famous theorems by a differential geometry method is still a challenge.
In the following we discuss three nontrivial applications of Theorem 0.3. Theorem 0.7. Let E be an ample vector bundle of rank r on a smooth projective variety M of dimension n. Consider a section s ∈ H 0 (M, O M (E)) and the zero locus S of s, then
In particular, the map (the induced by the inclusion map j ֒→ M )
is isomorphic for i < n − r and surjective for i = n − r.
Secondly, in [12, Page 26] , W. Fulton proved the following key lemma, which can be used to prove Lefschetz type theorem for Griffiths positive bundles and and also has various other useful applications as remarked by him.
Lemma 0.8 (Fulton's lemma). Let E be a holomorphic vector bundle of rank r on a complex manifold M , with a Hermitian metric which is positive in the sense of Griffiths. Let S be a k-dimensional locally closed complex submanifold of E o = E − {0}, let f be the restriction of the metric to S, and let P ∈ S be a critical point of f . Then the tangent space T P S contains a complex subspace W with dim(W ) ≥ k − r + 1 on which the Levi form L f (P ) is negative definite. Problem 0.9. Is this lemma true for a bundle which is known only to be ample?
When E is ample and generated by its sections, the above problem has a positive answer, see Sommese [25, (1. 3)] and Goresky-MacPherson [14] . Generally, as pointed by W. Fulton, it would allow a useful extension of connectivity theorems to such bundles, and perhaps a Finsler metric (cf. Kobayashi [17] ) could be used instead. By using Theorem 0.3, we can solve this problem affirmatively. More precisely we have Theorem 0.10 (=Theorem 3.5). Let π : E → M be an ample vector bundle of rank r on compact complex manifold M . If i : S ֒→ E o is a k-dimensional locally closed complex submanifold of E o , then there exists a strongly pseudoconvex complex Finsler metric G on E, such that for any critical point P ∈ S of i * G, the tangent bundle T P S contains a complex subspace W with dim(W ) ≥ k − r + 1 on which the Levi form √ −1∂∂i * G is negative definite.
Similar to the case of Hermitian vector bundle with Griffiths positive curvature, the above theorem can also be used to prove various Lefschetz type and connectivity theorems for ample vector bundles.
The last application is to confirm the following conjecture of Hartshorne and Schneider, which can be found in [8, Conjecture 4.1].
Conjecture 0.11 ([16, 28] ). If X is a projective n-dimensional manifold and Y ⊂ X is a complex submanifold of codimension q with ample normal bundle N Y , then X \ Y is q-convex in the sense of Andreotti-Grauert. In other words, X \ Y has a smooth exhaustion function whose Levi form has at least n − q + 1 positive eigenvalues on a neighborhood of Y .
The conjecture was first partially confirmed by M. Schneider [28] in the case of a Griffiths positive normal bundle. Notice that if the dual normal bundle N * Y has a strictly convex plurisubharmonic Finsler metric, then dual metric on N Y has a Levi form of signature (q, n − q) (see [25] ). In this case, X \ Y is proved to be q-convex in the sense of Andreotti-Grauert (see [8, This article is organized as follows. In Section 1, we shall fix the notations and recall some basic definitions and facts on complex Finsler vector bundles, positive (negative) Kobayashi curvature. In Section 2, we will prove our main Theorem 0.3. In Section 3, we will mainly give some interesting applications of Theorem 0.3 on the problems and conjectures of S. Matsumura, W. Fulton and Hartshorne-Schneider mentioned above.
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Complex Finsler vector bundle
In this section, we shall fix the notations and recall some basic definitions and facts on complex Finsler vector bundles. For more details we refer to [5, 8, 10, 17, 31] .
We will use z = (z 1 , · · · , z n ) to denote a local holomorphic coordinate system on M and use {e i } 1≤i≤r to denote a local holomorphic frame of E. Then any element v in E can be written as
where we adopt the summation convention of Einstein. In this way, one gets a local holomorphic coordinate system of the complex manifold E:
. A Finsler metric G on the holomorphic vector bundle E is a continuous function G : E → R satisfying the following conditions:
Moreover, G is called strongly pseudoconvex if it satisfies
Clearly, any Hermitian metric on E is naturally a strongly pseudoconvex complex Finsler metric on it.
We write
to denote the differentiation with respect to
If G is a strongly pseudoconvex complex Finsler metric on M , then there is a canonical h-v decomposition of the holomorphic tangent bundle T E o of E o (see [5, §5] or [10, §1] ).
In terms of local coordinates,
The dual bundle T * E o also has a smooth h-v decomposition T * E o = H * ⊕ V * :
With respect to the h-v decomposition (1.2), the (1, 1)-form √ −1∂∂ log G has the following decomposition.
Proposition 1.2 ([10, 17])
. Let G be a strongly pseudoconvex complex Finsler metric on E, one has √ −1∂∂ log G = −Ψ + ω V on E o , where Ψ and ω V are given by Let q denote the natural projection
which gives a local coordinate system of P (E) by
Denote by ((log G)b a ) 1≤a,b≤r−1 the inverse of the matrix (log G) ab := ∂ 2 log G ∂w awb 1≤a,b≤r−1 and set
Proof. Without loss of generality, we assume that
For any point (z, [v] ) ∈ U r , by (1.6), one has
By (1.9), one has
(1.10)
Similarly,
(1.12) By a direct checking, one has
From (1.11) and (1.13), we have
By using the coframe {δw a } of V * , there is a well-defined vertical (1, 1)-form on P (E) by ( 
the equality holds if and only if u = λv for some constant λ ∈ C. So ω V has r − 1 positive eigenvalues and one zero eigenvalue. Since ω V (v, v) = 0 and q * (v) = 0 and by (i), ω F S is positive definite along each fiber of p : P (E) → M . Conversely, if ω F S is positive definite along each fiber, then ω V = q * ω F S has r − 1 positive eigenvalues and one zero eigenvalue. So ω V (v, v) = 0 and The main result in this section is the following equivalences. Proposition 1.8. Let G be a complex Finsler metric on E. Then the following statements are equivalent:
(i) G has transversal Levi signature (r, n); (ii) √ −1∂∂ log G has signature (r − 1, n) on P (E), and is positive definite along each fiber of p : P (E) → M ; (iii) G is strongly pseudoconvex and has positive Kobayashi curvature.
Proof. (i)=⇒ (ii): By definition, if G has transversal Levi signature (r, n), then (( √ G) ij ) is a positive definite matrix, and for any (z, v) ∈ E o , there exists a n-dimensional subspace W ⊂ T (z,v) E which is transversal to fiber E o z , such that √ −1∂∂ √ G is negative definite on W . Since 17) and note that (
is semipositive, so (G ij ) is a positive definite matrix, i.e. G is strongly pseudoconvex. By Proposition 1.6 (ii) and (iii), √ −1∂∂ log G is positive definite along each fiber of p : P (E) → M . On the other hand, since W is transversal to E o z , so q * W ⊂ T P (E) and dim q * W = dim W = n. For any e ∈ W , one has (1.18) ∂∂ log G(q * e, q * e) = q * (2∂∂ log √ G)(e, e)
i.e. √ −1∂∂ log G is negative definite on q * W . Thus, √ −1∂∂ log G has signature (r − 1, n) on P (E), and is positive definite along each fiber of p : P (E) → M .
(ii)=⇒ (iii): If (ii) holds, by Proposition 1.6 (ii) and (iii), G is strongly pseudoconvex, and
Since √ −1∂∂ log G has signature (r − 1, n), and 
Thus, (( √ G) ij ) is positive definite. For any point (z, v) ∈ E o , we take W = H (z,v) , whese H is defined by (1.2). So
which is a negative definite matrix, where the last equality holds since
Thus G has transversal Levi signature (r, n).
Duality
In this section, we will discuss the strongly pseudoconvex complex Finsler metrics between E and its dual bundle E * . [20, Section 4.2] , in this subsection, we will prove that an ample vector bundle can admit a strongly pseudoconvex complex Finsler metric with positive Kobayashi curvature.
Ample vector bundle. Inspired by the ideas in
Let π : E → M be a holomorphic vector bundle over compact complex manifold M . The tautological line bundle O P (E) (−1) → P (E) is defined by
Denote by O P (E) (1) the dual line bundle of O P (E) (−1). Recall that a line bundle L → M is ample if and only if it is a positive line bundle, that is there exists a smooth metric h on L such that its curvature form √ −1∂∂ log h is a positive (1, 1) Proof. For reader's convenience, here we give a brief proof.
By definition, E is ample if O P (E * ) (1) is positive line bundle, that is, there is a metric G on O P (E * ) (−1) such that √ −1∂∂ log G is a positive (1, 1)-form. Since there exists an one-to-one corresponding between the complex Finsler metric of E * and the metric of O P (E * ) (−1), thus the metric G on O P (E * ) (−1) gives a complex Finsler metric on E * , we also denote it by G. From Proposition 1.6 (ii) (iii), we obtain √ −1∂∂ log G = −Ψ + ω F S , which is positive definite if and only if Ψ is negative definite along the horizontal directions and ω F S is positive definite along each fiber, which is equivalent to G is a strongly pseudoconvex complex Finsler metric on E * with negative Kobayashi curvature.
Now we assume that E is an ample vector bundle, from [20, Corollary 4.6] , for large k, the k-th symmetric bundle S k E is Griffiths positive, that is, there exists a Hermitian metric h k on S k E such that its Chern curvature R h k satisfies
for any non-zero vectors V = (V A ) ∈ S k E and u = (u α ) ∈ T M . In fact, since E is ample, i.e. O P (E * ) (1) is a positive line bundle, one can take k large such that .2) is Griffiths positive.
The Hermitian metric h k defines a strongly pseudoconvex complex Finsler metric on S k E by
for any V ∈ S k E. Moreover, the first Chern class of O P (S k E) (1) can be represented by
where Ψ k is the Kobayashi curvature of G k ,
which is positive definite by (2.1), and
is positive definite along each fiber of
) denotes the coordinates of P (S k E). Now we consider the Veronese embedding 
, and is also a complex Finsler metric on E. Denote by i k z : P (S k E z ) ֒→ P (S k E) the embedding of the fiber S k E z , i z := i 1 z , one has the following commutative diagram: (2.9)
Thus, by (2.4) one has
which is a positive (1, 1)-form on P (E * ), i.e.
k is a (1, 1)-form on P (E) and is positive definite along each fiber.
For any point z 0 ∈ M , one can take a local holomorphic frame
at the point z 0 ∈ M . See e.g. [18, Proposition 6.1]. By Lemma 1.5, one has
Therefore, (2.14)
at the point (z 0 , w 0 ). Since the matrix
has n negative eigenvalues and
k has signature (r − 1, n) at the point (z 0 , w 0 ) ∈ P (E). By the arbitrary of the point (z 0 , w 0 ), so
k has signature (r − 1, n) on P (E). From Proposition 1.8, we obtain Proposition 2.3. If π : E → M is an ample vector bundle over compact complex manifold M , then there exists a strongly pseudoconvex complex Finsler metric G on E with positive Kobayashi curvature.
Positive Kobayashi curvature.
In this subsection, we will prove a Finsler vector bundle with positive Kobayashi curvature must be ample.
Let G be a strongly pseudoconvex complex Finsler metric on E with positive Kobayashi curvature, that is,
with Ψ > 0 on horizontal subbundle H, and ω F S > 0 along each fiber of p : 
F S is a positive (1, 1)-form on M , which yields that det E is a positive line bundle. By take k large enough, the line bundle
is also a positive line bundle, where p 1 : P (E * ) → M . By Kodaira embedding theorem, P (E * ) is projective.
The following lemma can be found in the proof of [27, Lemma 5.2].
Lemma 2.5. Let L → M be a line bundle over projective manifold M , and satisfies for any line bundle F over M , there exists an integer m 0 > 0,
Then L is a positive line bundle over M .
Proof. For any coherent sheaf F over the projective algebraic manifold M , there is a resolution
where the E i are holomorphic line bundles over M . By the Hilbert syzygy theorem, K = V for some holomorphic vector bundle V on M . Hence for m sufficiently large, we obtain Lemma 2.6. If E admits a strongly pseudoconvex complex Finsler metric with positive Kobayashi curvature, then for any holomorphic line bundle F on P (E) there exists an integer m 0 > 0 such that
Proof. By Serre duality, one has
Since the curvature form of
which has n positive eigenvalues at each point of P (E), so O P (E) (−1) is (r − 1)-positive. By Andreotti-Grauert theorem [1, Theorem 14] (see also [7, Proposition 2 .1]), O P (E) (−1) is (r − 1)-ample, that is, for any coherent sheaf F on P (E) there exists a positive integer m 0 such that
By taking F = F * ⊗ K P (E) one gets
Combining with (2.19) completes the proof.
Our main result in this subsection is the following. Proposition 2.7. If E admits a strongly pseudoconvex complex Finsler metric with positive Kobayashi curvature, then E is ample.
Proof. From Lemma 2.4, 2.5, it suffices to show for any holomorphic line bundle F on P (E * ), there exists a positive integer m 0 such that
Denote p : P (E) → M and p 1 : P (E * ) → M . Since the Picard group of P (E * ) has a quite simple structure, namely
so there exist a line bundle F 1 on M and an integer a ∈ Z such that
It follows that
For any integer m ≥ −a, one has (2.26)
Thus, E is ample.
Combining Proposition 2.3 with Proposition 2.7, we obtain Theorem 2.8. Let π : E → M be a holomorphic vector bundle over the compact complex manifold M . Then E is ample if and only if it admits a strongly pseudoconvex complex Finsler metric with positive Kobayashi curvature.
Applications
In this section, we give some applications of Theorem 2.8. As Theorem 2.8 provides a fully geometric characterization for the ampleness of a holomorphic vector bundle, it is possible that many related results under the assumption of ampleness could be valid by changing the assumption of ampleness into the existence of a strongly pseudoconvex and Kobayashi positive complex Finsler metric. Among them we only mention here the following two famous theorems due to Mori [23, Theorem 8] [29] proved this result in a direct geometric way. We should stress that how to prove these two famous theorems in a purely differential way is still widely open.
In the following three subsections, we give three nontrivial applications of Theorem 2.8, respectively.
3.1. The topology of zero loci of ample vector bundles. In this subsection, we will prove Theorem 0.7 which is a Lefeschetz type theorem for ample bundles. This result has been open and studied in algebraic geometry for a long time.
In [22, Problem 1.2], S. Matsumura posed the following problem.
Problem 3.3. Let π : E → M be an ample vector bundle of rank r on a projective variety M , let s ∈ H 0 (M, O M (E)) be a holomorphic section of E, does the relative homotopy group π i (M, S) vanish for i ≤ n − r.
And he obtained the following theorem. 
is isomorphic for i < n − r − k and surjective for i = n − r − k.
Combining with Theorem 2.8, we can prove Theorem 0.7.
Proof of Theorem 0.7: From Theorem 2.8, we know that, if E ample, then there exists a strongly pseudoconvex complex Finsler metric G on E with positive Kobayashi curvature, which implies that the curvature form √ −1∂∂ log G = Ψ − ω F S of O P (E) (−1) has n-positive eigenvalues. So O P (E) (−1) is (r − 1)-positive. By Theorem 3.4, we complete the proof.
3.2.
Complex subvarieties of ample vector bundles. In this subsection, by using Theorem 2.8, we will prove Theorem 0.10, which solves Problem 0.9 of Fulton.
Theorem 3.5 (=Theorem 0.10). Let π : E → M be an ample vector bundle of rank r on compact complex manifold M . If i : S ֒→ E o is a k-dimensional locally closed complex submanifold of E o , then there exists a strongly pseudoconvex complex Finsler metric G on E, such that for any critical point P ∈ S of i * G, the tangent bundle T P S contains a complex subspace W with
on which the Levi form √ −1∂∂i * G is negative definite.
Proof. From Theorem 2.8, there exists a strongly pseudoconvex complex Finsler metric G with positive Kobayashi curvature. Since T P S ⊂ T P E o = H P ⊕ V P , so there exist two maps
Denote W := Kerβ ⊂ T P S. For any non-zero vector e ∈ W , one has e = α(e) + β(e) = α(e) ∈ H. By (1.22) and noting G has positive Kobayashi curvature, so ∂∂i * G(e,ē) = ∂∂G(e,ē) < 0, (3.2) i.e. the Levi form √ −1∂∂i * G(e,ē) is negative definite on W . Since
so dim(W ) = k − r if and only if dim(Imβ) = r, i.e. β is surjective. If β is surjective, then
for some e 1 ∈ T P S, so
at P , where third equality follows from e 1 = α(e 1 ) + β(e 1 ), α(e 1 ) ∈ H P and δ δz α G = G α − G αl Gl i G i = G α − G αlv l = 0, the last equality holds since P is a critical point of i * G. From (3.5) and G is strongly pseudoconvex, we concludev j (P ) = 0, i.e. P ∈ M , which is contradict to p ∈ E o . Thus, we have dim(W ) ≥ k − r + 1. Definition 3.6. A complex manifold X is called q-convex (in the sense of Andreotti-Grauert) if it admits an exhaustion function whose Levi form has at least (n − q + 1) positive eigenvalues on the complement of a compact subset of X.
A function ϕ : X → [−∞, +∞) is called an exhaustion function on X if its sublevel sets X c = {x ∈ X; ϕ(x) < c} are all relatively compact for all c < sup ϕ. From [9, Definition 6.12], it is equivalent to ψ tends to +∞ relatively to the filter of complements X \ K of compact subsets of X.
Before proving Conjecture 0.11, we need the following result. For readers' convenience, we give the proof here. which has signature (n − q + 1, q − 1) since the second term adds one positive eigenvalue in the normal direction to Y . Let σ Y ∈ H 0 ( X, O X ( Y )) be the canonical section of divisor Y . Set ψ(z) = − log(H C (σ Y )(z)), (3.9) which is an exhaustion function on X \ Y = X \ Y (see [9, Definition 6 .12]), and its Levi form √ −1∂∂ψ = √ −1∂∂ log H C (3.10) has signature (n − q + 1, q − 1) in a neighborhood of Y . By taking a compact subset K ⊂ X such that X \ K is a small neighborhood of Y , then √ −1∂∂ψ has at least (n − q + 1) positive eigenvalues on (X \ Y ) \ K. From Definition 3.6, one concludes that X \ Y is q-convex in the sense of Andreotti-Grauert.
Now we can prove Theorem 0.12.
Proof of Theorem 0.12: By Theorem 2.8 and the assumption that the normal bundle N Y is ample, then N Y admits a strongly pseudoconvex complex Finsler metric G with positive Kobayashi curvature, from Proposition 1.8, which is equivalent to that the Finsler metric G has transversal Levi signature (q, n − q). Combining with Proposition 3.7, one concludes that X \ Y has a smooth exhaustion function whose Levi form has signature (n − q + 1, q − 1) on a neighborhood of Y .
